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Monotonicity formulae, vanishing theorems and 
some geometric applications 
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,—1. ' Abstract. Using the stress energy tensor, we establish some monotonicity 

CN ' formulae for vector bundle-valued p-forms satisfying the conservation law, pro- 

vided that the base Riemannian (resp. Kahler) manifolds poss some real (resp. 
v^ . complex ) p-exhaustion functions. Vanishing theorems follow immediately from 

U . the monotonicity formulae under suitable growth conditions on the energy of the 

r^ [ p- forms. As an application, we establish a monotonicity formula for the Ricci 

Cd I form of a Kahler manifold of constant scalar curvature and then get a growth 

condition to derive the Ricci flatness of the Kahler manifold. In particular, 
when the curvature does not change sign, the Kahler manifold is isometrically 
biholomorphic to C"". Another application is to deduce the monotonicity for- 
mulae for volumes of minimal submanifolds in some outer spaces with suitable 
^^ . exhaustion functions. In this way, we recapture the classical volume mono- 

l/^ I tonicity formulae of minimal submanifolds in Euclidean spaces. We also apply 

fT^ I the vanishing theorems to Bernstein type problem of submanifolds in Euclidean 

^^ I spaces with parallel mean curvature. In particular, we may obtain Bernstein 

type results for minimal submanifolds, especially for minimal real Kahler sub- 
manifolds under weaker conditions. 

.^.' 1 Introduction 

In 1980, Baird and Eells [1] introduced the stress-energy tensor for maps between 
Riemannian manifolds, which unifies various results on harmonic maps. Following 
[1], Sealey [35] introduced the stress-energy tensor for p- forms with values in vector 
bundles and established some vanishing theorems for harmonic p-forms. Since then, 
the stress-energy tensors have become a useful tool for investigating the energy be- 
haviour of vector bundle valued p-forms in various problems. Recently the authors 
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in [15] presented a unified method to establish nionotonicity formulae and vanishing 
theorems for vector-bundled valued p-forms satisfying conservation laws by means of 
the stress-energy tensors of various energy functionals in geometry and physics. Their 
method is based on a fundamental integral formula derived from the stress-energy ten- 
sor. Since the stress-energy tensor is a 2-tensor field, one gets a 1-form by contracting 
it with a vector field. The integral formula linked naturally to the conservation law 
follows directly from the divergence of the 1-form. In [IH], the author mainly used 
the distance function on the base Riemannian manifold to construct a suitable vector 
field. The Hessian of the distance function appears naturally in the integral formula. 
Consequently they used Hessian comparison theorems and coarea formula to obtain 
those results. 

The similar integral formula technique was also used by [131 ESI ES] to investigate 
harmonic maps between Kahler manifolds. Some special exhaustion functions on 
the domain Kahler manifolds were used to establish the monotonicity formulae of 
energy by [39] and the monotonicity formulae of the partial energies by [I3j| for the 
harmonic maps. Consequently some Liouville type results and holomorphicity results 
were obtained by [13] and [31] respectively. These results are actually equivalent to 
the vanishing of some 1-forms with values in the pull-back vector bundles. 

In this paper, we shall establish monotonicity formulae and vanishing results for 
vector bundle valued p-forms satisfying the conservation laws by means of the stress- 
energy tensors too. Following [13], we hope to use some exhaustion functions instead 
of distance functions to construct suitable vector fields in the integral formulae de- 
rived by the stress-energy tensors. For these aims, we introduced the concepts of 
real (resp. complex) p-exhaustion functions on Riemannian manifolds (resp. Kahler 
manifolds) (see their definition in §2). Under some conditions on the radial curvature 
of a Riemannian manifold (resp. a Kahler manifold), the distance function actually 
becomes a real p-exhaustion function (resp. a complex p-exhaustion function). The 
existence of a real p-exhaustion function on the base manifold enables us to establish 
a monotonicity formula for a vector bundle valued p-form satisfying the conserva- 
tion law and the growth order of the energy of the p-form is determined only by the 
exhaustion function (see Theorem 3.1). Inspired by [13], we introduce the notion 
of J-invariant p-forms, which includes the differential of a pluriconformal map, the 
partial differentials of a map between Kahler manifolds, the second fundamental of a 
Kahler submanifold and the Ricci form of a Kahler manifold, etc. It turns out that 
a complex p-exhaustion function is more suitable to estimate the growth order of the 
energy of a J-invariant p-form. As a result, the existence of a complex p-exhaustion 
function enables us to establish a monotonicity formula for a J-invariant p-form sat- 
isfying the conservation law too (see Theorem 3.4). Besides establishing the global 
monotonicity formulae, we also consider some conditions which allow us to establish 
the monotonicity formulae outside a compact subset of the base manifolds. Such a 
kind of monotonicity formulae is useful in some applications. Clearly vanishing the- 



orems follow immediately from these monotonicity formulae under suitable growth 
conditions. 

As an application of the above mentioned results, we establish a monotonicity 
formula for the Ricci form of a Kahler manifold of constant scalar curvature and 
then get a growth condition to derive the Ricci flatness of the Kahler manifold. Due 
to the fact that a Ricci form is a J-invariant 2-form, we derive these results on a 
Kahler manifold which posses a complex 2-exhaustion function. Furthermore, if the 
radial curvature of M does not change sign, then the Ricci flatness implies that M is 
isometrically biholomorphic to C". In this way, we get some uniformization results. 
On the other hand, if we take p = and consider a nonzero constant function in the 
monotonicity formulae, we may get monotonicity formulae for volumes of minimal 
submanifolds in some outer spaces with suitable exhaustion functions (see Theorem 
4.1 and Theorem 4.2). In particular, we recapture the classical volume monotonicity 
formulae of minimal submanifolds in Euclidean spaces. 

The benefits of using more general exhaustion functions instead of the distance 
functions in establishing monotonicity and vanishing results are that one may not only 
relax the curvature conditions on the domain manifolds but also has more choices for 
constructing suitable vector fields in the integral formula. As an application, we shall 
investigate Bernstein type problem for submanifolds in Euclidean spaces with parallel 
mean curvature. This is still an active project in recent years (see, for examples, 
[m EDI EDI Ea EEl EH El iSl HZ] and the references therein). Recall that the Gauss 
maps of these submanifolds are harmonic. Hence the differentials of the Gauss maps 
satisfy the conservation law by a result of Baird-Eells [1]. It is natural to apply 
the previous vanishing theorems to establish Liouville theorems of the Gauss maps, 
which are equivalent to Bernstein type results for the submanifolds. We show that the 
extrinsic distance functions of the submanifolds become real 1-exhaustion functions if 
the second fundamental forms satisfy some decay conditions. Consequently we obtain 
some Bernstein type theorems for submanifolds with parallel mean curvature under 
certain decay conditions on the second fundamental forms and growth conditions 
on the integrals of the squared norms of the second fundamental forms. When the 
submanifolds are minimal, the Bernstein type results may be established under weaker 
conditions. Finally we consider the Bernstein problem for minimal submanifolds 
with finite total scalar curvature. Most results on this topic are obtained under 
the assumption that the minimal submanifolds have some stability. For example, the 
authors in [30] proved that any stable complete minimal hypersurface with finite total 
scalar curvature is a hyperplane. We refer the reader to [171 Ell EOl ED E3, 1121 113] 
for recent progress on this topic and references therein. According to our technique, 
we may establish some Bernstein theorems for minimal submanifolds with finite total 
scalar curvature by assuming some boundary condition of a compact sublevel set 
of the extrinsic exhaustion distance function (see Corollary 5.3, Corollary 5.4 and 
Remark 5.4), instead of assuming the stable condition. In particular, we prove that a 



ininiinal real Kahler subinanifolds with finite total scalar curvature must be an affine 
plane. 

2 Stress energy tensors and exhaustion functions 

A smooth map f : M -^ N between two Riemannian manifolds is said to be a 
harmonic map if it is a critical point of the following energy functional: 



E{f) = \l \df?dv 
2 Jm 



with respect to any compactly supported variation. 

In P], Baird-Eells introduced the stress-energy tensor Sf associated with E{f) as 
follows 

where df Q df E T{T*M (g) T*M) is a symmetric tensor defined by 



{df&df){X,Y) =< df{X),df{Y) > . 

Then they proved that a harmonic map satisfies the conservation law, that is, divSf = 
0. 

Let (M, g) be a Riemannian manifold and ^ :£"—)■ M be a smooth Rieman- 
nian vector bundle over M with a metric compatible connection V'^. Set ^^(0 = 
r(APT*M ® E) the space of smooth p- forms on M with values in the vector bundle 
^ : E ^ M. The exterior covariant differentiation d^ : A^{^) — )• Ap^^{^) relative to 
the connection V^ is defined by (cf. [T6] ) 



p+i 
(rf^u;)(Xi,---,X,+i) = 5:(-l)^+i(Vx.u;)(Xi,---,X:,---,Xp+i)- 

The codifferential operator 5^ : A^[^) — )■ A^^^[^) characterized as the adjoint of d} 
is defined by 

(5^a;)(Xi, ■ ■ ■ , Xp_i) = -^(Ve,u;)(e„ Xi, ■ ■ ■ , Xp_i). 

i 

For uj G A^{^)^ we define the energy functional of u as follows: 

^M = o / \^?dvg. 

Z J M 

Its stress-energy tensor is: 

(2.1) 5'^(X, F) = ^^g{X, Y)-{ujQ u;)(X, F), 



where a; w G r(y4^(^) ^^(0) is a symmetric tensor defined by 

(cj © uj){X, Y) =< ix^, iy^ > ■ 

Here ixOJ G A^~^(^) denotes the interior product by X G TM. Notice that, if p=0, 
i.e., oj G r(,^), ix(j~! = then (2.1) becomes 

(2.2) SUX,Y)=^-^g{X,Y). 

For a 2-tensor field T G r(T*M®T*M), its divergence divT G r(T*M) is defined 
by 

i 

where {cj} is an orthonormal basis of TM. The divergence of 5*^ is given by (cf. 
[31 [351115]) 

(2.3) {divS^){X) =< S'^uj, ixOJ > + < ixd^u, uj > . 
For a vector field X on M, its dual one form 6x is given by 

ex{Y)=g{X,Y) ^XeTM. 

The covariant derivative of 6x gives a 2-tensor field V6x'- 

{Vex){Y,Z) = iVz0x)iY) = g{VzX,Y), \fY,Ze TM. 

If X = Vip is the gradient of some smooth function ip on M, then 6x = dip and 
VOx = Hessitp). 

For any vector field X on M, a direct computation yields (cf. [IS] or Lemma 2.4 
of [15]): 

(2.4) rfzt;(2x5^) =< 5^, VOx > +{divS^)iX). 

Let D be any bounded domain of M with C^ boundary. By (2.4) and using the 
divergence theorem, we immediately have the following integral formula (see [T5|H5]): 



(2.5) / SUX,iy)dsg= [<S^,Vex>+{dtvS^){X)]dvg. 

J dD J D 

where v is the unit outward normal vector field along dD. In particular, if uj satisfies 
the conservation law, i.e. divS^ = 0, then 

(2.6) / ^^(X, u)dsg = f <S^, vex > dvg. 

JdD Jd 

To apply the above integral formula, we introduce some special exhaustion func- 
tions. Let {M'^,g){m > 2) be a r/i-dimensional Riemannian manifold and let $ be a 
Lipschitz continuous function on M™ satisfying the following conditions: 



(2.7) $ ^ and $ is an exhaustion function of M, i.e., each sublevel set B^(t) : = 
{$ < t} is relatively compact in M for t ^ 0; 

(2.8) \E' = $^ is of class C°° and \E' has only discrete critical points; 

(2.9) The constant ki = infxeM{^iix) + \2{x) + ■ ■ ■ + \m{x) — 2pXm{x)} > 0, 
where p is a nonnegative integer, Ai(a;) < A2(a;) < ■ ■ ■ < Xm{x) are the eigenvalues of 
Hessi^^), and the constant ^2 = sup^.gj^/ |V$p is finite. 

When (M, g) is a Kahler manifold, we sometimes need the following notion of 
exhaustion functions, which is defined by the complex Hessian instead of the (real) 
Hessian of a function. 

Let $ be a Lipschitz continuous function on M"^{dimcM = m > 1) satisfying 
(2.7), (2.8) and the following condition: 

m 

(2.10) The constant ki = mix^M{J2^i{^) ~ P^m{x)} is positive where ei < 62 < 

■ ■ • < Cm are the eigenvalues of the complex Hessian -ff(\E') = (^jj)- The constant 
k2 = sup^gj,,f |V$p is finite. Set 

The function $ with the properties (2.7), (2.8) and (2.9) (resp. (2.10)) will be called 
real (resp. complex) p-exhaustion function in this paper. Notice that a complex 
1-exhaustion function is just the special exhaustion function discussed in [131 139] . 

Now we give some examples of real and complex p-exhaustion functions. 

Example 2.1. For i?™, we take\E' = ^"^ = j]^^^, where Oj are any positive 

constants satisfying 1 < ai < a2 < ■ ■ ■ < a^, then $ is a smooth exhaustion function 
of R"^, and \E' has only discrete critical points. For x G -R" — {0}, we have 

V$(x) = V , ^^/"^ =^, 

m o 

ifess(^)(x) =^—dxil^dXi. 

,22 2 4p , ,„^,2 ^ , 

fci = — + — + ••• + -, ^2 = sup I V<I>P < 1. 

ai a2 ttm 0-1 xS-R'" 

Example 2.2. For C"^, we take ^ = $2 = 1^ ^ \- \^^ where a^ are any 

positive constants satisfying 1 < ai < a2 < ■ ■ ■ < a^- A direct computation gives 

- 2 2 2 2r) - ,, 

fci = — + — + ••• + -, A;2 = sup I V<1>|^ < 1. 

<2l Ct2 Ctm Ctl xeC™ 

Clearly we may choose suitable a^ such that fci (resp. ki) >0. Therefore the function 
$ in Example 2.1 (resp. in Example 2.2) becomes a real (resp. complex) p-exhaustion 
function. 
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Example 2.3. For a complete submanifold in Euclidean space R^ , we shall show 
in §5 that the restriction of the extrinsic distance function becomes a real 1-exhaustion 
(or even p-exhaustion) function if the second fundamental form of the submanifold 
satisfies some decay condition (see the proof of Theorem 5.1 or Remark 5.1). 

Example 2.4. Let i : M^ — > C^ be an m-dimensional submanifold and F : 
C^ — )■ i? be a smooth function on C^. Then the composition formula for Hessian of 
maps gives 

Hess(Foi){r]j,rik) = {HessF){rij,rik) + dF{B{rij,rik)), 

where B denotes the second fundamental form of M and {rjj = -7s{ej — iJej)}Y=i is 
any unitary frame tangent to M. Since M is a complex submanifold, we have 

Hess{Foi){rij,f]^) = {HessF){rij,f]^^). 

Now let F = ||z|p = I]A=ikAp and set \E' = $^ = F o i. Clearly the eigenvalues of 
the complex Hessian -ff (^1/) are ei = ■ ■ ■ = e^ = 2. li p < m, then 

m 

ki = inf { Vei - pe™} = 2(m - p) > 0. 

xeM — ; 

4 = 1 

Therefore $ is a complex j9-exhaustion function with growth order A > 2{m — p), 
because k2 < 1- Recall that every Stein manifold M™" can be realized as a closed 
submanifold of C^ by a proper holomorphic map ip : M"^ — )■ C^. Thus a Stein 
manifold M admits a complex p-exhaustion function ^P = $^ with $ = ■?/'*( ||2;||) and 
A > 2{m — p). Notice that the complex Hessian is computed with respect to the 
induced metric by ip. It is well known that every closed complex submanifold of 
a Stein manifold is a Stein manifold too. Hence Stein manifolds provide us many 
examples of Kahler manifolds which poss complex p-exhaustion functions. 

We now give some complete Riemannian manifolds (resp. Kahler manifolds) whose 
distance functions are real (resp. complex) p-exhaustion functions. 

Lemma 2.1. Let {M'"\g)(m > 2) be an m-dimensional complete Riemannian mani- 
fold with a pole xq and let r be the distance function relative to xq. Assume that there 
exist two positive functions hi{r) and h2{r) such that 

hi{r)[g — dr ® dr] < Hess{r) < h2{r)[g — dr ® dr] 

in the sence of quadratic forms, then 

™ o A ^ [2 + 2(m- l)r/ii(r) -4pr/i2(r) if rh2{r) > 1, 

(2.12) 2^Aj — 2pXm > \ 

j=i I 2 + 2(m — l)r/ii(r) — 4p ifrh2{r)<l, 



where Ai < A2 < ■ ■ ■ < A^ are eigenvalues of Hess{r'^). In particular, if M is a Kaliler 
manifold of complex dimension m, then 

^ f 1 + (2m — l)r/ii(r) — 2pr/i2(r) ifr/ii(r)>l, 

(2.13) 2^ej — pt„i > < 

j=i I 1 + (2m — l)r/ii(r) — p[l + r/i2(^)] ifr/i2(r)<l. 

where ei < 62 < ■ ■ ■ < e^ are eigenvalues of the complex Hessian H{r'^) = ((r^)^j). 
Proof. It is known that Hess{r'^) is given by 

Hess{r'^) = 2dr ® t/r + 2rHess{r). 
By the assumption, we have 

(2.14) Hessir"^) < 2dr ® dr + 2rh2{r)[g - dr ® dr\. 
If rh2{r) > l{resp. < 1), then A^ < 2rh2{r){resp. = 2). Therefore 

m 

^Ai-2pA„ > 2 + 2(m- l)r/ii(r) -4pr/i2(r) 

{resp. 2 + 2{m — l)rhi{r) — 4p). 

This proves the first assertion. 

Now suppose M is a Kahler manifold of complex dimension m. Clearly we have 
(cf. also Lemma 4.4 of [T3j ) 

m 

(2.15) J2^i>l + {2m-l)rhi{r). 

i=l 

By the assumption, we get 

(2.16) 6.<|''^^^'^ if-Mr)>l, 

[l + r/i2(r) ifr/i2(r)<l. 

In conclusion, we derive the following 

™ I 1 + (^'Ti — l)rhi(r) — 2prh2{r) if rhi(r) > 1, 

i=i I 1 + (2?Ti — l)r/ii(r) — p[l + r/i2(r)] ifr/i2(r)<l. 



Remark 2.1. (^ij T/ie authors in [T5^ considered the stress energy tensors associated 
with more general functional, that is, the F-energy. If we take F(t) = t, the proof 
of Lemma 4-2 in IW^ essentially gives the lower bounds ofJ2^iK — '^P^m under the 
assumption rh2{r) > 1. (2) For p = 1, it is clear that the estimation (2.13) is 
independent of the upper hound of Hess{r), which was also pointed out in fll 



Lemma 2.2. Let (M,g) be a complete Riemannian manifold with a pole Xq and let 
r be the distance function relative to Xq. Denote by K^ the radial curvature of M. 
(i) If -a^ <Kr< -/3^ with a>0, (3>0, then 



(3 coth.{f3r)[g — dr ® dr] < Hess{r) < acoth(ar)[f7 — dr ® dr]. 
A < K < ^ 

(l+r2)l+^ — ^^^ — (l+r2)l 
B_ 

"^^■[g — dr ® dr] < Hess{r) < — [g — dr ® dr]. 



(ii) If -TT^tW <Kr< jTT^s^ with e > 0, A > 0, < 5 < 2e, then 

1 B A 



(ni) If -jL <Kr<-^ With a > 0, 62 e [0, 1/4], then 



1 + VI - 462 ^ ^ ^ rr , , ^ 1 + Vl + 40% ^ ^^ 

[g — dr ® dr] < Hess[r) < [g — dr ® dr]. 

Proof. The case (i) is standard (cf. [H]). The case (ii) is discussed in [15]. For (iii), 
we refer the reader to [T8l[22l[30]. I 

In [15], the authors proved that the distance function r of the case (i) (resp. case 
(ii)) in Lemma 2.2 is a real p-exhaustion function by choosing suitable a and /3 (resp. 
A and B). For the case (iii), that is, the curvature of M has quadratic decay, we have 
immediately from (2.12) the following: 

Lemma 2.3. Let {M,g) be a complete Riemannian manifold with a pole Xq. If 
-^ < Kr < -^ With a > 0, b'^ e [0, 1/4] and 2 + (m - 2)(1 + ^/T^^W) - 
{2p — 1)(1 + Vl + 4a2) > 0, then r{x) is a real p- exhaustion function with 



,^,^, ._2 + {m-l){l + VT^^W)-2p{l + VT+4^) 
[Z.if) A- . 

Lemma 2.4. Let M^ be a complete Kdhler manifold of complex dimension m with 
a pole. Assume that the radial curvature of M satisfies one of the following three 
conditions: 

(i) -a^ <Kr< -/32 with a>0, /3>0 and (2m - l)/3 - 2pa > 0; 

(ii) - (1+4)1+^ < Kr< jj^^ with e > 0, A > 0, < B < 2e and 1 + {2m - 
l)[l-f]-2pe^/2^>0; 



(iii) -^ < Kr < j^ with a > 0, 62 e [0, 1/4] and 2 + (2m - 1) [1 + Vr^462] 
2p[l + Vl + 4a2] > 0. 

Then r is a complex p- exhaustion function with growth order 

2[m — p^] if Kr satisfies (i), 

(2.18) A = <( 1 + (2m - 1)(1 - I) - 2pe^/2^] if K^ satisfies (ii), 

1 + (^rn~m+VT^Wi _ p[i + VI + 4a2] if Kr satisfics (ill). 



Proof. If Kj. satisfies (i), tlien by Lemma 2.2 and tlie increasing function /3r coth /3r — )■ 

coth(ar) 
coth(/3r) 



1 as r — )■ 0, we meet the case (i) of (2.13). Since /3r coth(/3r) > 1 for r > 0, ^°l, ["f"} < 1 



for < /3 < a, we get 



m 



y^ej — ptm > 1 + (2m — l)/3r coth(/3r) — 2par coth(ar) 

ar coth(Q;r) 



i=l 



= 1 + /3r coth(/3r) [(2m - 1) - 2p 
> 1 + (2m - 1) - 2p^ 



/3r coth(/3r) ■ 



a, 

= 2[m-p-J, 

provided that (2m — l)/3 — 2pQ; > 0. 

If Kr satisfies (ii) (resp. (iii)), it follows from Lemma 2.2 that we can estimate 

m 

J2^i ~ P^m by the second case of (2.13). ■ 
1=1 

Remark 2.2. When M is a Kdhler manifold of complex dimension m (i.e., real 
dimension 2m), the distance function r may be both a real 2p-exhaustion function 
and a complex p- exhaustion function under suitable radial curvature conditions listed 
above. In general, the growth order A is larger than the growth order A. 

3 Monotonicity formulae and Vanishing results 

Theorem 3.1. Let {M,g) be an m-dimensional complete Riemannian manifold with 
a real p-exhaustion function $ and let ^ : E -^ M be a Riemannian vector bundle on 
M. If u E A^{^) satisfies the conservation law, that is, divS^i = 0, then 

(3.1) -^ f \u\'^dv <^f \uj\'^dv 

Pi JB^ipi) P2 JBi^ip-i) 

for any < pi < p2, where A is given by X = ki/2k2. 

Proof. Take ^ = $^, X = |V\E'. Obviously {'V'^)\dB.s,{t) is an outward normal vector 
field along dBi^{t) for a regular value t > of $. Thus V^ = (j{x)v on dBi^{t) 
with a{x) > for each point x G dB,^{t), where z/ denotes the unit outward normal 
vector field of dB<^{t). Take an orthonormal basis {ej}j=i,2---m which diagonalize the 
/Jess(^), then 

1 m 

< S^, Vdx > = ^ XI 'S'u;(e*> ej)Hess{^!){ei, Cj) 

1 m 

= 7 H |wpi/ess(^)(ei, 6^)% 
10 



1 m 



IwP 



> — — m/{(AiH hA„)-2pAm} 

4 iieM 



(3.2) > -ki\uj\'^. 

By the definition of S^^, we liave 



(3.3) < ^-^r|wp on 95$(r). 

Since cu satisfies the conservation law, then by (2.6), (3.2) and (3.3), we can get 

-k\ \ \ijo'\^dv < •Jk2r \ IwPiiw. 

2 JB<i>(r) JdBi,(r) 

By the definition of k2 and the co-area formula, we have 



I 1 9 

r / IcuPrfs < rJk2 / i rc?s 

JdB^ir) JdBi,{r) |V$| 



rx/ko-r I Itul'^dv. 



Denote by A = ki/2k2, then 



thus 



A / Icupiif < r—- / Icjpiif , 

JBi,{r) dr JB^ir) 



TrlB,ir)\^rdv ^ A 



Integrating the above formula on [pi,p2], we can get 

-^ / |a;|^(if < ^r / \ujfdv. 

Pi Jb^(pi) P2 Jb^(p2) 

■ 

Sometimes it is useful to establish monotonicity formulae outside a compact subset 
on M. Under an extra condition on the p-form w, we may establish such a kind of 
monotonicity formulae. 
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Theorem 3.2. Let {M,g) be an m-dimensional complete Riemannian manifold and 
let ^ : E ^ M be a Riemannian vector bundle on M , u G Ap{C,). Suppose $ is an 
exhaustion function on M and is a real p-exhaustion function on M \ B^{Rq) for 
some Ro > 0. Set 

k2{Ro) = sup |V$p. 

a;eM\Bj.(R,)) 

If u satisfies the conservation law, and 

(3.4) ^ > |i^w|2 on dB^{Ro), 

where v denotes the unit outward normal vector field of dB<^{Ro) , then 

(3-5) -tTr-) / \uj\'^dv < . . / \uj\'^dv 

for any Rq < pi < P2, where A(i?o) = ki{Ro)/2k2{Ro). 



Proof Take X = |V$2 = $V$. By the definition of S^ and (3.4), we get 

-'^112 I • |2 

= -\oo\ — HmI 
> 0. 

For any r > i?o, we set D = i?$(r)\i?$(i?o); by applying the integral formula (2.6) 
on D and using (3.2), (3.3), we have 

-ki{Ro) / Icjpfif < / Sui{X,iy)ds — / S^{X,iy)ds 

4 J_B4.(r)\-B*(Ro) JdB.i,(r) JdB.i,{Ro) 

/ Sui{X, v)ds - Ro S^{v, v)ds 

JdB^(r) JdBaJRn) 





JdB^ir) JdB^iRo) 


(3.6) 

and by the co-area formula 

r / \u\'^ds 

JdB^{r) 

(3.7) 


^ ^k2{Ro) f , ,2 , 

< o ^ / \uj\ ds, 

f 1' -P 


< rJk2(Ro) 1 T^ds 

- ^ ^ ' JdB^ir) |V$| 

< r^k2{Ro)-r / 1^ ^c^^- 
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Then (3.6) and (3.7) yield 

X{Ro) f \uj\'^dv <r— f \uj\'^dv, 

which imphes that 

(3.8) ^fr-HRo) f |^|2^^| > o_ 

dr JB,i{r)\B^{Ro) 

By integrating (3.8) on [pi,p2], we can get the formula (3.5). ■ 

Suppose M is a submanifold described in Example 2.3 on page 7. Then we may 
establish the monotonicity formulae for forms on M. Next, Lemma 2.3 and Theorem 
3.1 imply the following: 

Theorem 3.3. Let {M,g) be an m- dimensional complete Riemannian manifold with 
a pole Xq. Let C, '■ E ^ M be a Riemannian vector bundle on M and u G ^^(0- 
Assume that the radial curvature —-^-pi < -f^r < jT^ with a > 0, b'^ & [0, 1/4] and 
2 + (m — 1)(1 + \/l — 46^) — 2p{l + \/l + 4a2) > 0. If tu satisfies the conservation 
law, then 

ptJB.^ixo) p2-'Bp^{xo) 

for any < pi < P2, where A is given by 



.3 g. ^^ 2 + (m - 1)(1 + y/T^IF) - 2p(l + y/r+Ia^) 

Definition 3.1. A p-form u G Ap{^) is called J-invariant (or pluriconformal) if u 
satisfies : 

{u u){JX, JY) = {uQ uj){X, Y) 
for VX, Y G T^M. 

Now we consider J-invariant ]9-forms on Kahler manifolds. The work in [13] sug- 
gests that a complex p-exhaustion function is suitable to estimate the growth order 
of a J-invariant p-form which satisfies the conservation law. 

Theorem 3.4. Let M be a complete Kahler manifold which posses a complex p- 
exhaustion function $. Let C, '■ E -^ M be a Riemannian vector bundle on M. If 
OJ G AP{C,) is J-invariant and satisfies the conservation law, then 

-= / |u;p(it> < ^ / Iwpfif 

P^ Jb^(Pi) pI JBi,{p2) 

for any < pi < p2, where A = ki/k2. 
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Proof. Take X = |V$^ = $V$. Obviously (V^)|gB,j,(t) is an outward normal vector 
field along dBq,{t) for a regular value t > of $. Thus V^ = il){x)v on dBq>{t) with 
il){x) > for each point x G dB(^{t), where u denotes the unit outward normal vector 
field of (95$ (t). 



|a;i2 



S^{X,iy) = —-< X,u>g - <ixuj,iu(^>g 



\u 



2 



t-^ < V$,Z/>g -llj\iyUJ 



2 



2 
9 

(3.10) < ^ic^r 

on dBq,{t) and 

< S^, V9x> = - < S^, Hessi"^) > 

(3.11) = ^[^-Ag^if-<coQoo,Hess{^I/)>], 

where A^ denote the Laplace-Beltrami operator on M. We choose a unitary basis 
{rji = (cj — iJei)/\/2}i=i^...^rn at a point p G -B<i>(t) such that 

Hess{-^){rji,rij{p)) = ei6ij, 

which is equivalent to 

ifess(\E')(ei, Cj) + i/ess(^)(Jej, Jcj) = 2ei6ij, 

(3.12) ifess(^)(ei, Jcj) -ifess(^)(Jei,ej) = 0. 

Obviously {cj, Jej}i=i,...,m is an orthonormal basis. Then 

m 

(3.13) A,^ = 2j2e,. 

i=l 

Since w is J-invariant, we have 

(3.14) (w0w,iJess(^)) 

+ {ie^u,ije^u)Hess{'^){ei, Jcj) + {ije,uj,ie,^)Hess{'^){Jei,ej)] 
= ^{ie^u,ie^u)[Hess{'^){ei,ej) + Hess{'^){Jei, Jcj)] 

+ {ie^u,ije^uj)[Hess{'$){ei, Jcj) - Hess{'^){Jei,ej)] 
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From (3.11), (3.13) and (3.14), we obtain 



<S^,V9x> 



> 



\u 



2 m 



-(2^6,)-2^Ke,a;pe, 



j=i 



i=l 



m 



m 



m 



\U\ 



2V^ I |2 



i=l 



(3.15) 






where we have used the fact that 2Y,i Kei^p = p|wp. 

Since divS^^ = 0, it follows from (2.6), (3.10) and (3.15) that 



/^2 , f I |2j ^ ^1 /■ I |2 , 

1 / w as > — / \uj\ av, 

2 J9B<|,{t) 2 JB<i>(t) 



and the coarea formula yields 

d 



1 



Hence 

(3.16) 



dt JB^it) Jk^ JdB^{t) 



TtlB^(t)\^\^dv ^ A 



u\ dv. 



Ib^m) I^P^^ ^ ' 



This theorem follows immediately from integrating (3.16) on [pi,p2]- I 

Theorem 3.5. Let M be a complete Kdhler manifold. Suppose $ is an exhaustion 
function on M and is a complex 1-exhaustion function on M \ _B$(i?o) for some 
Ro > 0. Set 

m 

ki{Ro) = inf {^ej(a;) -em(x)}, 

xeM\B^{Ro) i=i 

h{Ro) = sup |V$|l 

x€M\B^{Ro) 

If oj E A^{^) is J -invariant and satisfies the conservation law, then 



pMRo) JBg,{pi)\B^{Ro) 



\u\ dv < 



pKRo) J B^(p2)\B^(Ra) 



\uj\ dv 



for any Rq < Pi < P2, where X{Ro) = ki{Ro)/k2{Ro). 
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Proof. Take \E' = $^,X = |V\1/. For u G ^^(0) by the J-invariant of u, we have 

> -[< uj{iy),Lu{iy) > + < u{Jiy),uj{Jiy) >]- < cj(z/),cj(z/) > 
(3.17) > 0. 

For any R > Rq, we set D = B^{R)\B^{Rq), by applying the integral formula(2.6) 
on D and arguing in a similar way as in Theorem 3.2 and Theorem 3.4, considering 
(3.17), we can get the proof of this theorem. I 

From Example 2.4 and Theorem 3.4, we immediately have the following. 

Theorem 3.6. Let M™ be a complex m-dimensional Stein manifold with metric and 
exhaustion function $ as in Example 2.4- Suppose C, '■ E ^ M is a Riemannian 
vector bundle on M and u G A'p{C,) with p < m is J-invariant. If u satisfies the 
conservation law, then 

'ul'^dv < -TTr T / lul'^dv 



2{m—p) I c / \ ' ' — 2(m— p) i „ , s 

p-^^ '^' JBi,{pi) p2 JBi,{p2) 

for any < pi < P2- 

Theorem 3.7. Let M™ {dirricM = m) be a complete Kdhler manifold with a pole 
xq. Let C, '■ E -^ M be a Riemannian vector bundle on M. Assume that the radial 
curvature K^ of M satisfies one of the following three conditions: 

(i) -a^ <Kr< -f3^ with a>0, f3>0 and (2m - l)/3 - 2pa > 0; 

(ii) -JTT^ < Kr< (,^j)i+. with e > 0, A > 0, < B < 2e and I + {2m - 
l)[l-|]-2pe^/2^>0; 

(liif-j^ <Kr<j^ with a>0,b^ e [0, 1/4] and 2 + (2m - 1) [1 + Vl - 462] - 
2p[l + Vl + 4a2] > 0. 

If oj E A^i^^) is J-invariant and satisfies the conservation law, then 











p^JBp^ixo) 


pI Jb,, 


,(^o) 


'dv 






for 


■ any 


<Pi 


< 


P2, where 

'2[m-pf 






ifK, 


satisfies 


(^), 


(3. 


18) 


A: 


= 


■ l + (2m- 1)(1 


- 1) - 2pe^/2^] 




tfKr 


satisfies 


(ii). 










. 1 {2m-l)[l+v^ 


"'"] p[l + VI + 4a2] 


if Kr 


satisfies 


(Hi) 



Proof. It is a direct proof by Lemma 2.4 and Theorem 3.4. I 

Now we give some concrete examples of J-invariant forms which satisfy the con- 
servation law. 
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Example 3.1. Let / : {M,g, J) — )■ A^ be a smooth map from a Kahler manifold. 
We say that / is pluriconformal if < df{JX),df{JY) >=< df{X),df{Y) >. Hence 
the differential df of a pluriconformal harmonic map is a J-invariant 1-form with 
value in f~^TN which satisfies the conservation law. 

Example 3.2. Let / : {M,g,J) — )■ {N,h,J') be a smooth map between two 
Kahler manifolds. Define two 1-forms a, t & A^{f~^TN) 

^^^^ ^ dfjX) + J'dfjJX) ^^^^ ^ dfjX) - J'dfjJX) 

for any X G TM. Then a and r are J-invariant. Furthermore, a and r satisfy the 
conservation laws if / is pluriharmonic map (cf. [13]). 

Example 3.3. Let (y? : M — )■ iV be a complex submanifold of a Kahler manifold. 
It is known that the second fundamental form B oi M satisfies 

(3.19) B{JX,Y) = JB{X,Y). 

If we regard B G A^(T*M (g) ip^^N), then (3.19) implies that _B is a J-invariant 1- 
form with value in T*M (g) if~^N. When iV is a complex space form, B satisfies the 
following Codazzi equation 

(3.20) {VxB){Y, Z) = {VyB){X, Z). 

Then (3.20) is equivalent to d^B = 0. Since a complex submanifold is automati- 
cally minimal, (3.20) yields 6^B = too. It follows from (2.3) that B satisfies the 
conservation law. 

Example 3.4. The Ricci form Qric of a Kahler manifold (M"^, g, J) is defined by 
Qric{X,y) = Ric{JX,Y). A basic property of r^ric is that r2ric(JX, JF) = flric{X,Y). 
So flric is a J-invariant 2-form in the sense of Definition 3.1. On the other hand, we 
know that flric is closed and 

(3.21) Sriric = --JdS, 

where S denotes the scalar curvature of M (cf. [26j). By (3.21) and (2.3), we see that 
if M"^ has constant scalar curvature, then its Ricci form Q^ic satisfies the conservation 
law. 

In [13] , the author established some monotonicity formulae for the energy or partial 
energies of harmonic maps, pluriconformal harmonic maps and pluriharmonic maps 
by considering df, a and r. Consequently some Liouville results and holomorphicity 
results were obtained. 

In §5, we shall consider submanifolds in R^ with parallel mean curvature, in- 
cluding minimal submanifolds and minimal real Kahler submanifolds. The so-called 
minimal real Kahlerr submanifolds are generalizations of Kahler submanifolds. 

From Theorem 3.4 and Example 3.4, we immediately get 
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Theorem 3.8. Let {M"^,g,J) be a complex m-dimensional Kdhler manifold which 
posses a complex 2-exhaustion function $. If M has constant scalar curvature, then 

-= / \Vlric\^dv < ^ / \VLric\'^dv 

for any < pi < p2, where A = ki/k2- 

By Example 2.4 and Theorem 3.8, we have 

Corollary 3.1. Let M™ {m > 2) be a complex m-dimensional Stein manifold with 
metric and $ as in Example 2.4- If M has constant scalar curvature, then 
If. 1 /■ 



p^^ ' JB^ipi) p2 JB^{p2) 

for any < pi < P2- 

Taking p = 2 in Lemma 2.4, and using Theorem 3.8, we yield 

Corollary 3.2. Let M™ {dirricM = m) be a complete Kdhler manifold with a pole. 
Assume that the radial curvature of M satisfies one of the following three conditions: 

(i) -o? <K,< -i? with a > 0, (3 > and m(3 - 2a > 0; 

(ii) -JTT^ < Kr< (T^JyiT? With e > 0, A > 0, < B < 2e and I + {2m - 
l)[l-|]-4e^/2^>0; 

(iiif-^ <Kr.<Y^ witha>0, b^ E [0,1/4] and 2 + (2m - 1) [1 + Vl - 462] - 
4[1 + Vl + 4a2] > 0. 

// M has constant scalar curvature, then 

If If 



p^ JB^ipi) p^ JB^(p2) 

for any < pi < p2, where 

{2[m — 2^] if Kr satisfies (i), 

1 + (2m - 1)(1 - I) - 4e^/2.] ^j j^^ satisfies (ii), 

1 + i^---m+VT=^] _ 2[1 + VI + 4a2] zf Kr satisfies (iii). 

Now we deduce some vanishing theorems from the above monotonicity formulae. 
First, by Theorem 3.1 and Theorem 3.4, we have: 

Corollary 3.3. Let M^, C, '■ E ^>- M, $ and u be either as in Theorem 3.1 or as in 
Theorem 3. 4. If 00 either satisfies 



or 



/ |wp(it> = o(_R'^) as i? — )■ 00, 

Jb^{r) 

/ Icuprff = o{R'^) as i? — )■ 00, 



'B^{R) 

where A and A are as in Theorem 3.1 and Theorem 3.4 respectively, then u = 0. In 
particular, if u has finite energy, then u = 0. 
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By Theorem 3.2 and Theorem 3.5, we derive the following two corollaries: 

Corollary 3.4. Let {M,g), ^ : E -> M, $, 5$(i?o) and to E Ap{^) be as m Theorem 
3.2. Set V = T^^. If u satisfies 



\UJ 



2 



on 95$ (-Ro) and 



2 



/ \uj\'^dv = o(i?^(-^°)) as R^oo, 

JB^{R)\Bi,{Ro) 

then oj = on M \ i?$(i?o)- In particular, if u has finite energy, then u = on 
M\B^{Ro). 

Corollary 3.5. Let {M,g), ^ : E ^ M, $, 5$(i?o) and u G A^{() be as m Theorem 
3.5. If 

I \u\^dv = o(i?^(-^°)) as R^oo, 

Jb^{R)\B^{Ro) 

then u = on M \ i?$(i?o)- In particular, if u has finite energy, then u = on 
M\B^iRo). 

Remark 3.1. If u in Corollary 3.4 or Corollary 3.5 posses the unique continuation 
property, then u = on the whole M. 

It follows from Theorem 3.6 that 

Corollary 3.6. Let M™ be a complex m-dimensional Stein manifold with metric 
and $ as in Theorem 3.6. Suppose C, '■ E —^ M is a Riemannian vector bundle and 
UJ G A^{C,) with p < m is J -invariant. If oo satisfies the conservation law and 



I Iwprft; = o(p='(™-P)) as p ^ oo, 
Jb^(p) 



then cj = 0. 

From Theorem 3.3 and Theorem 3.7, we get 

Corollary 3.7. Let M™, ^, K^ and oo be as in Theorem 3.3 (resp. Theorem 3.7). 
Then w = if oo satisfies 

I \oo\^dv = o{p^) {resp. o{p^)) as p ^ oo, 

JBpixo) 

where A (resp. \) is given by (3.9) (resp. (3.18)). 
By Corollary 3.1, we have 
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Corollary 3.8. Let M™ {m > 2) be a complex m- dimensional Stein manifold with 
metric and $ as in Example 2.4- If M has constant scalar curvature and 

nr^c\'dv = 0(p2(— 2)), 

then M is holomorphically isometric to C^ . 

Proof. Actually, in Example 2.4, M is embedded in some C^ as a closed complex 
submanifold and endowed with the induced metric. From the growth condition and 
Corollary 3.1, we derive that M is Ricci fiat and thus its scalar curvature is zero. 
It is clear that the second fundamental form of M as a submanifold in C^ vanishes 
identically. Therefore M is holomorphically isometric to C". I 
By Corollary 3.2, we yield 

Corollary 3.9. Let M™ [dinicM = m) be a complete Kdhler manifold with a pole. 

Assume that the radial curvature of M satisfies one of the following two conditions: 

(V - (1+4)1+^ < Kr < jT^^ with e > 0, A > 0, < 5 < 2e and 1 + (2m - 

(ii) -j^z <Kr<j^ with a>0,b'^ e [0, 1/4] and 2 + (2m - 1)[1 + Vl - 46^] - 
4[1 + Vl + 4a2] > 0. 

Then M is Ricci flat if it has constant scalar curvature and satisfies the following 
growth condition: 

flricl'^dv = o{p^ 



Jb. 



iB^ip) 

where 



X 



1 + (2m - 1)(1 - I) - 4e^/2.j ^y j^^ satisfies (i), 

1 + (2"^-i)[i+v^i^4fe^l _ 2 [1 + v/TTi^] if Kr satisfies (ii). 



Some Ricci flatness results were established in [28] for a compete ALE Kahler 
manifold by assuming nonpositivity or nonnegativity of Ricci curvature and a growth 
condition of the scalar curvature. On the other hand, if the curvature of a Kahler 
manifold decays like r~2~% the authors in [271 l2H] could deduce, under some extra 
conditions, that M is isometrically biholomorphic to C™. In following, we show that 
Corollary 3.9 can be used to establish such a kind of results. 

Corollary 3.10. Let M"* {dirricM = m) be a complete Kdhler manifold whose sec- 
tional curvature dose not change sign. Suppose that M has a pole xq and the radial 
curvature of M satisfies one of the following two conditions 

(i) -^ < Kr<0 with a>Oandm-[l + y/l + 4a2] > 0; 

(ii) 0<Kr<j^ with 62 e [0, 1/4] and (2m - 1)[1 + Vl - 46^] - 6 > 0. 
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Then M is holomorphically isometric to C™ if it has constant scalar curvature 
and satisfies the following growth condition: 



^ric\ dv = 0{p ), 
S#{P) ■ 

where 

2m - 2[1 + Vl + 4a2] if K., satisfies (i), 



^^-^ — ^ — if Kr satisfies (ii). 



Proof. As in Corollary 3.9, M is Ricci flat. Since the curvature of M does not change 
sign, we deduce that M is flat. It follows that M is holomorphically isometric to C". 

■ 

4 Monotonicity Formulae for volumes 

In this section, we establish monotonicity formulae for volumes, especially for the 
volumes of minimal submanifolds whose outer spaces poss some suitable exhaustion 
functions. 

To estimate the volumes, we introduce the following notion. Let (N'^,g) be a 
Riemannian manifold and let $ be a Lipschitz continuous function on A^" satisfying: 

(4.1) $ > and $ is an exhaustion function of M; 

(4.2) \E' = $^ is of class C°° and \1' has only discrete critical points; 

(4.3) Fix an integer m < n, the constant ki = inf {Ai(a;) + ■ ■ ■ + Xm{x)} > 0, 
where Ai(x) < \2{x) < ■ ■ ■ < A„(a;) are the eigenvalues of i^ess(\E'), and the constant 
k2 = sup|V$p is finite. Set 

x£M 

Notice that (4.3) implies in particular that \I' is strictly m-subharmonic. If m = n, 
then <l> becomes a real 0-exhaustion function in the sense of §2. 

Theorem 4.1. Let (A^",5f) be a Riemannian manifold with an exhaustion function 
satisfying (4-1), (4-^) <^''^d (4-3). Let Bq>{t) d N he the sublevel set of^. Suppose 
i : M™" — 7> N"- is a minimal submanifold of dimension m, then 

Vol{Mr]B^{pi)) Vol{Mr\B^{p2)) 
Pi ~ P2 

for any < pi < p2, where A is given by (4-4) ■ 
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Proof. Let p : M ^ R^ be the restriction of $ to M. Denote by D and V the 
covariant derivatives of A^" and M™ respectively. By the composition formula (cf. 
j), we have 



Vd($2 o i){X, Y) = (yd<l>^){di{X),di(Y)) + d$2[(Vrfz)(X, Y)] 
(4.5) = (Vrf^)(X, Y)+ < A{X, Y), V^ > 

for any X,Y e TM, where A{X, Y) = (DxYy . 

Take p as an exhaustion function on M. By definition of fci and the minimality 
of M, we get from (4.5) that 

ki = inf{Ai(x)H \-\m{x)} 

> inf{Ai(x) + --- + A„(a;)} 

= h, 

where Ai(x) < A2(2;) < • ■ ■ < A„(x) are the eigenvalues of Hessi^p^). Thus ki is 
positive and p is a real 0-exhaustion function. 

Now we choose u = 1 E A^{M x R) which clearly satisfies the conservation law 
by (2.3). From the proof of Theorem 3.1, we see that k2 can be any positive number 

larger than sup^g^^ |Vpp and fci can be any positive number less than inf {Ai(x) + 

xeAf 

h A„(x)}. 

By definition of ^2, we have 

|Vp| = IV'I'I < k2. 

Hence the exhaustion function p has growth order A. Therefore Theorem 3.1 yields 

Vol{Mr\B^{pi)) Vol{M n B^{p2)) 

Pi ~ P2 



Remark 4.1. (1) From the proof of Theorem 5.1, we see that if m — 2 — mp6 > 

(resp. m — 2 — 2p6 > 0) for a complete suhmanifold with parallel mean curvature 
(resp. for a complete minimal suhmanifold) in R^ , then p^ is a real p-exhaustion 
function. (2) If we consider the identity immersion x = I : N ^ N in Theorem 4-1, 
then we get in particular the following 

VoljB^ip,)) ^ Vol{B^{p2)) 
Pi ~ P2 



for any < pi < P2- 
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Corollary 4.1. Let {N"',g) be a Riemannian manifold with an exhaustion function 
satisfying (4-1), (4-2) and (4-3) outside a suhlevel set B^[Rq) for some Rq > 0. 
Suppose M™ — )■ N"- is a minimal submanifold and Xq G M. Let BxQ{r) G N be the 
geodesic ball of radius r centered at Xo . Then 

VoljM n {B^,{pi) - B^oiRo))) ^ VolJM n {B^,{P2) - g.o(i?o))) 

Pi ~ P2 

for any < Rq < pi < p2- 

Proof. By the proof of Theorem 3.2 and Theorem 4.1, we can complete the proof of 
this corollary. ■ 

When choosing the distance function to be the exhaustion function, we can get 
the following lemma of growth order. 

Lemma 4.1. Let {N^\g) be a complete Riemannian manifold with a pole Xq and let 
r be the distance function relative to xq. Assume that the radial curvature K^ of N 
satisfies one of the following conditions: 

(i) Kr < -13'^ with (3 > 0; 

(ii) Kr < (iqJ)TT7 with e>0,0<B<2e; 

M Kr<j^ with b'e [0,1/ A]. 
Then r^ is an exhaustion function satisfying (4-1), (4-2)) (4-3) and 

{1 + (m — l)/3r coth(/3r) if Kr satisfies (i), 
m(l — £) if Kr satisfies (ii), 

— — Y~ — if Kr satisfies (Hi). 

Proof, (i) By the Hessian comparison theorem 

Hessir-"^) = 2dr ® dr + 2rHess{r) 

> 2dr ® dr + 2r/3r coth(/3r) [g — dr ® dr) 

in the sense of quadratic forms and /3r coth(/3r) > 1. Thus we have ki = inf {Ai(x) + 

■ ■ ■ + Am(x)} = 2 + 2{m — l)/3r coth(/3r) and k2 = | Vrp = 1. Therefore A = 1 + (m — 
l)/3rcoth(/3r). 

The other cases can be proved similarly. I 

Theorem 4.2. Let {N"',g) be a complete Riemannian manifold with a pole xq and 
let r be the distance function relative to Xq. Assume that the radial curvature Kr of 
N satisfies one of the following conditions: 

(i) Kr < -(3^ with (3 > 0; 

(ii) Kr < jY^^ with e>0,0<B<2e; 
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(m)Kr<^ wi/ifo^e [0,1/4]. 
Suppose i : M™ — )■ A^" is a minimal suhm,anifold and Xq G M . Let B^^^lr) G N be the 
geodesic ball of radius r centered at Xq. Then 

VoljM n B,,{Pi)) ^ VoljM n B,,{p2)) 

Pi ~ P2 ' 

for any < pi < p2, where A is given by (4-6) ■ 

Proof. Let p : M ^ R^ be the extrinsic distance function of M relative to xq, that 
is, p{x) = r o i[x) for x G M. By Theorem 4.1 and Lemma 4.1, we can immediately 
get the theorem. I 

When outer space is Euclidean space, we can recapture the classical Monotonicity 
formulae of the volume of minimal submanifolds. 

Corollary 4.2. (cf. fU^) Suppose that M C i?" is a minimal submanifold and the 
origin a G M. Let B{r) be the Euclidean ball of radius r centered at a, then for all 

< pi< p2 

Vol{Mr\B{pi)) Vol{Mr\B{p2)) 

„m — „m 

Pi P2 

with equality if and only if M is an affine m-plane. 

Proof. By choosing i? = in Theorem 4.2 (ii), the above inequality can be obtained 
directly. 

For the second conclusion, checking the procedure of the proof of Theorem 3.1, 
the above equahty holds if and only if 

|Vr(2;)| = |Dr(x)| = ^2 = 1 for any x G M, 

that is 

< x,ri >= 

for any t] G T^M. For x 7^ 0, we defined 

\x\ 

Then we have a unit vector field e on M \ {o}. Obviously the integral curves of e are 
straight lines in i?" passing through o, because DeC = 0. We conclude that M is an 
m-plane passing through 0. ■ 



5 Application to Bernstein type problem 

In this section, we will investigate submanifolds in a Euclidean space with parallel 
mean curvature. It is known that the Gauss maps of such submanifolds are harmonic. 
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It is natural to apply the method developed in previous sections to establish Liouville 
theorems of the Gauss map, which are equivalent to Bernstein type results of the 
submanifolds. Throughout this section, we shall make use of the following notations: 

p = the extrinsic distance relative to a point o G M, 
D(R) = the intersection of M with the Euclidean i?-ball centered at o G M. 

5.1. Submanifolds in Euclidean spaces 

Theorem 5.1. Let M"^{m > 3) be a complete Riemannian manifold and let x : 

M — )■ R^ he a proper immersion with parallel mean curvature. Assume that 5 = 

sup p{x)\\A\\rc is finite, where A is the second fundamental form of M . 
xeM 

(i) If the constant pi = m — 2 — m6 > and 

(5.1) / \A\'^dv = o{p''') asp-^oo, 

Jd{p) 

then M is an affine m-plane in R^ . 

(a) If M is minimal, the constant p2 = fn — 2 — 26>0 and 

(5.2) / \A\'^dv = oipf"') asp^oo, 

Jd{p) 

then M is an affine m-plane in R^ . 

Proof. As in the proof of Theorem 4.1, we take $ = p as an exhaustion function for 
M. We need to prove that $ is a real 1-exhaustion function under the assumptions. 
Let Ai(a;) < A2(x) < ■ ■ ■ < Xm{x) be the eigenvalues of Hess{p^). From (4.5), we get 

(5.3) Hess{p'^){X, X) = 2<X,X >+2< A{X, X),x> . 
It follows that 



2-25 < \i< 2 + 25, i = l,---,m. 



Hence 



m 



ki = inf {VAi(2;) - 2Xm{x)} 
(5.4) > 2m-4:-2m5. 

By definition of A and |Vp| < 1, we have from (2.11) and (5.4) that 

ki 
X > — = m — 2 — m5. 
- 2 

Since M has parallel mean curvature, its Gauss map 7 : M — )■ Gm{R'^) is harmonic. 
Thus d'y satisfies the conservation law, i.e., divS^ = 0. From pjj, we know that 
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|(i7p = 11^ IP- By applying Corollary 3.3 to (^7 under the assumption (5.1), we 
deduce ^7 = 0, that is 7 is constant. Hence M is an m-plane. 

Now suppose that M is minimal. By (5.3) and the minimality of M , we deduce 



ki = mf^{^Ai(x) -2A^(x)} 
> 2m - 4 - 45. 



So A > ?Ti — 2 — 2(5. Therefore a similar argument yields the result of (ii). I 

Remark 5.1. (1) Actually we may get monotonicity formulae for the integral 0/ ||A|p 
in Theorem 5.1. (2) In the case that M is minimal, Chen /^ proved that if 6 < 1 
(without any energy growth condition) , then M is an m-plane in R^ . (3) Kasue f21^ 



proved that if ||Ap = 0(^^:7) (as p — t- ooj and M"^{m > 3) has one end, then M is 
an m-plane. 

Corollary 5.1. Let M'^{m > 3) be a complete Riemannian manifold and let x : 
M™ — )■ R'^ be a proper immersion with parallel mean curvature (resp. H = 0). Let 
6, A, p and pi (i=l,2) be as in Theorem 5.1. If pi (resp. p2 > 0) and 



[ \\Afdv< +00, 

JM 



M 

then M is an affine m-plane in R^ . 

Corollary 5.2. Let x : M"^ — )■ R"^'^^{m > 3) be a properly immersed complete hy- 
persurface. Set 6 = sup {p{x)ina.x\rii{x)\} , where rii{x){i = 1, ■ ■ ■ , m) are the principal 

x£AI « 

curvatures of M at x. Suppose M satisfies one of the following two conditions: 
(i) M has parallel mean curvature, the constant pi = m — 2 — m6 > and 



f \\Afdv = o{p^^) as p^ 00, 

Jd(o) 



lD{p) 

(ii) M is minimal, the constant p2 = m, — 2 — 26>0 and 

\A\\'^dv = o{p^^) as p — >■ 00, 



/. 



lD{p) 

Then M is a hyperplane. 

Proof. Let n be the unit normal vector field of M in R^^^ . From (5.3), we get 

\i{x) = 2 + 2rji{x) < n,x > . 

Therefore 

2-2^< Xi{x) < 2 + 25. 
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So 



m 



h = inf {J2Hx) - 2A„(a;)} > 2m - 4 - 2m5. 

i=l 

In particular, if M is minimal, then 

ki>2m-4- 46. 

The remaining arguments are similar to those in the proof of Theorem 5.1. ■ 

Theorem 5.2. Let x : M™ — )■ i?^ be a properly immersed m- dimensional {m > 3) 
complete submanif old. Set6{Ro)= sup {p{x)\\A\\{x)} for some regular value Rq > 

M\B{Ro) 

ofp andu = ^. 

(^zj Suppose M has parallel mean curvature. Suppose Wi^AW^ < -LL q^ OD^Rq) 
and II^IKa;) < "^Vf° for some cq > and any p{x) > Rq. If 

(5.5) / lAl'^dv = oip'"'-) asp^oo, 

Jd(p) 

where pi = m — 2 — m6{Ro), then M is an m-plane in i?^. 

(a) Suppose M is a minimal submanifold. Suppose WiiyAW^ < -LL on dD{RQ) and 

re— 2— £i 
2p(x) 



[x) < ™ ^ -^^ for some cq > and any p{x) > Rq- If 



(5.6) / lAl'^dv = oip''^) asp^oo, 

Jd{p) 

where /i2 = m — 2 — 25{Rq), then M is an m-plane in R^ . 
Proof. First, we assume that M has parallel mean curvature. Set 

m 

h{Ro) = inf {J2\,ix)-2\Ux)}, 
k2{Ro) = sup |Vp|', 

M\B{Ro) 



A(i?o 



ki{Ro 



2k2{Roy 

where Ai(a;) < X2{x) < ■ ■ • < Xm{x) are the eigenvalues of Hess{p'^). From the proof 
of Theorem 5.1, it is easy to see that 

A(i?o) > m-2-m5(i?o)- 

If ll^ll ^ "ml'^r ^^^ some eo > and any p[x) > Rq, then 

m-2- m6{Ro) > eo > 0. 

Obviously the assumption ||vAp < -^^ is equivalent to ||(i7(z/)p < " ^^' , where 
7 : M — 7- G{m, N) is the Gauss map. We have already known that 7 is harmonic. We 
deduce from Corollary 3.4 that 7 is constant on M \ B{Rq) and thus 7 is constant on 
M by the unique continuation property of harmonic maps. Hence M is an ?72-plane. 

■ 
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Corollary 5.3. Let x : M™ — )■ i?^ be an m-dimensional {m > 3) complete suhmani- 

ivpr 



/oW wt/i parallel mean curvature. Suppose \ivA\'^ < '-^, where v = j^. If 



(5.7) \\A\\{x) = o{^—) asp{x)^+oo, 

p{x) 

and 



/ \A\'^dv < +00, 
Jm 

then M is an affine m- plane in R^ 



'M 



Proof. By (5.7) and Theorem 1.1 of [6], we know that x : M"' — )■ R^ is proper. So 
the extrinsic distance function p is an exhaustion function. The remaining arguments 
are as above. I 

Remark 5.2. Some submanifolds automatically satisfy the condition 



(5.8) \i^A\^ < 

in Theorem 5.2 or Corollary 5.3. Recall that the submanifolds M with the second 
fundamental form A is called isotropic at p & M if A{e, e) is independent of the 
choice of the unit vector e G TpM . M is said to be isotropic if M is isotropic at every 
point. It is easy to verify that an isotropic submanifold with dimension> 2 satisfies 
(5.8). In section 5.2, we will investigate minimal real K'dhler submanifolds in R^ , 
which automatically satisfy (5.8) too. 

Definition 5.1. (cf. fl^) The integral f\,]^ \\A\\^dv for m-dimensional minimal sub- 
manifold M in R^ is called the total scalar curvature of M. 

Lemma 5.1. Let M™ — )■ R^~^^{m > 3) be a minimally immersed complete submani- 
fold. If M has finite total scalar curvature, then 

(1) \\A\\,<^forxedD{p); 

(2) Jm \\A\\^dv < oo. 



Proof (1) See [HI 

(2) By using (1), the proof goes almost the same as that of [36], except that one 
considers a minimal submanifold instead of a minimal hypersurface. Since the proof 
has no essential difference, we omit the detailed proof about (2) here. I 

Remark 5.3. In 13^ . the authors showed the finiteness of ||A||i2(A'/) for minimal 
hypersurfaces with finite total scalar curvature. 

Corollary 5.4. Let x : M™ — )■ R^ {m > 3) be an m-dimensional complete minimal 
submanifold in R^ with finite total scalar curvature. If livA]"^ < g- holds outside a 
compact subset of M, then M is an affine m-plane in R^ . 
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Proof. From Lemma 2.4 of [T], we know that x : M"^ — )■ R^ is proper. So the extrinsic 
distance function p is an exhaustion function. The Corollary 5.4 follows immediately 
from Lemma 5.1 and Corollary 5.3. ■ 

Corollary 5.5. Let x : M™ — )■ R!^^^{m > 3) be a minimally immersed complete 
hyper surf ace with finite total scalar curvature. Let rii{x){i = 1, ■ ■ ■ , m) be the principal 
curvatures of M at x. If there exists a compact subset K of M such that 

(5.9) ma.x{r]^ix)}<\\\A\\l 

for any x & M\K , then M is an affine hyperplane in BJ""^^ . 

Proof. Clearly the result of this corollary follows immediately from Corollary 5.4. ■ 

Remark 5.4. (1) Suppose fi2{Ro) is as in Theorem 5.2 and Rq is sufficiently large 
so that /i2(-Ro) > 0. To get the result of Corollary 5.5, we only need to assume (5.8) 
holds on dD^Ro); (2) It is known that the principal curvatures of the catenoid in 
^m+i ^j,g ^^y^ 14J^) V2 = V3 = ' ' ' = Vm = V > Vi = —{jn — I)?]. Clcarly the catenoid 
does not satisfy the condition (5.8) form > 3. This shows that the condition (5.8) 
(at least on OD^Rq)) is necessary for the result. (3) The known nontrivial examples 
of minimal submanifolds in R^ with finite total scalar curvature include catenoid 
(cf. 141]), and the Lagrangian catenoid [^ and the special Lagrangian submanifolds 
constructed by Lawlor f2&^ . (4) For a minimal submanifold M"* C -R^ with finite total 
scalar curvature, some authors proved the Bernstein type results under other geometric 
conditions, such as the stability ( fSR \4^), having one end (JI^), monotonicity (J2^), 
etc. (5) In JW], the authors proved that if M is a submanifold with parallel mean 
curvature and /^^ HAH'^fif < +oo, then M is minimal. Hence the results in Corollary 
5.4 and Corollary 5.5 actually hold for submanifolds with parallel mean curvature. 

5.2. The case of real Kahler submanifolds 

Let Af" be a Kahler manifold of complex dimension m and let x : M'" — )■ R^ an 
isometric immersion. We will call M a real Kahler submanifold in R^ . Considering 
the complexified cotangent bundle of M, with the usual procedure, its second funda- 
mental form A can be split into different components as A^'P''^\ the (p, g) component 
(p + g = 2, < p, g < 2). A real Kahler submanifold M is said to be (p, g)-geodesic 
if A(P'«) = 0. 

Notice that (1, 1)— geodesic submanifolds have various different names (plurim- 
inimal map, circular immersion) in literature (cf. [5l [E]). From [H], we know 
that (1, l)-geodesic submanifolds coincide with minimal real Kahler submanifolds. 
The simplest examples of pluriminimal submanifolds are minimal surfaces in R^ and 
Kahler submanifolds in C". In [21 [121 HH], the authors established Weierstrass rep- 
resentation for minimal real Kahler submanifolds. Therefore general minimal real 
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Kahler submanifolds exist in abundance in R^ too, besides the previous two special 
classes. 

For a real Kahler submanifold x : M™ — )■ R'^ , we have two Gauss maps: the usual 
Gauss map 7 : M — )■ 6*2™ (-R^) and the complex Gauss map 7*^ : M — )■ Gm{C^). In 
[33] . the authors defined the complex Gauss map 

(5.10) 7^ : M ^ G™(C^) 

by assigning to each point p G M the parallel translation in C^ of the complex 
m-space dx{TpM^'^'^^) to the origin of C^. 

Choosing a local orthonormal frame {eA}'Ati = {ei, • ■ ■ , Cm, Jei, ■ ■ ■ , Jcm} around 
p such that (Ve^eB)p = 0, we have local unitary frame fields {^j}^i G T^'°M and 
{nj}T=i ^ ^°'^^ given by: 



(5.11) rjj = -j=.{ej - iJej), rjj = — =(ej + iJcj] 



1 

The complex Gauss map may be expressed by 

(5.12) 7^ = r/jA---A7K. 
Then we get 

m 

(5.13) {d^%{X) = ^r/r A • ■ ■ A A{X,r^) A ■ ■ • A r/^. 

fc=i 

Lemma 5.2. Suppose x : iVf" — )■ i?^ (dimcM = m) is a minimal real Kahler 
submanifold. Then 7*^ is anti-holomorphic and \\d'~f^'\\'^ = ||A||^. 

Proof. By the assumption that M is (1, l)-geodesic, that is, A{rij,rf^) = 0, we get 
from (5.13) that 



(c?7^),(r7,)=0, j = l. 



m. 



Therefore the partial differential d'y'^' : T^'^M -^ T^'^GmiC^) vanishes. This proves 
the anti-holomorphicity of 7*". Clearly (5.13) gives 

m 

\\dj^r=2Y.\\A{nj,n,)r = \\Ar. 
j,k=i 



Remark 5.5. The authors in fS^ established the anti-holomorphicity of '-y^ for min- 
imal real Kahler submanifolds. Let Hm{C^) be the space of complex m-dimensional 
isotropic subspaces ofC^. Actually the isometric immersion x factors through Hm{C^) 
C GmiC^) and thus 7"" becomes an anti-holomorphic map into HmiC^). Therefore 
their result generalized Chem's result |^ about the Gauss map of minimal surfaces in 
R^. 
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Theorem 5.3. Let x : M"* — )■ R^ {m > 2) be a complete minimal real Kdhler 
submanifold with com,plex dim,ension m. If 

\\A\\{x) = o( ) as p{x) — > +CXD 
p{x) 

and 

/ \A\'^dv < +00, 
Jm 

then M is an affine 2m-plane in i?^. 

Proof. Clearly 7*^ as a special harmonic map satisfies the conservation law, that is, 
divS^c = 0. Let z/ be as in Theorem 5.2 and Corollary 5.4. By Lemma 5.2, 7*" is 
anti-holomorphic, so d'y'" is pluriconformal. Therefore we have 

^ > (rf7^0rf7^)(.,.) 

as shown in the proof of Theorem 3.4. Hence the result of Theorem 5.3 follows 
immediately from Corollary 5.3. I 

By Lemma 5.1 and Theorem 5.3, we can obtain the following theorem. 

Theorem 5.4. Let x : M™ — )■ R^{m > 2) be a complete minimal real Kdhler 
submanifold with complex dimension m. If M has finite total scalar curvature, then 
M is an affine 2m-plane in R^ . 

Corollary 5.6. (l25^ ) Let M™ — )■ C^im > 2) be a complete Kdhler submanifold with 
complex dimension m. If M has finite total scalar curvature, then M is an affine 
complex m-plane. 

Remark 5.6. The assumption m > 2 in Theorem 5.4 or Corollary 5.6 is necessary, 
because there are many nontrivial examples of minimal surfaces in R^ with finite 
total curvature (cf. 1291). 
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